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The submatrix V (of dimension (n
R
3)) is responsible for the mixing of
light neutrinos with n
R



















)) is responsible for mixing among









are masses of heavy and light states respectively, the elements
of V are very small and U becomes unitary. This simply means that heavy
neutrino states do not modify mixings among light neutrino states. From
the theoretical point of view, V must not necesserily be negligible [3]. We








(;  = fe; ; g).

















The aim of this paper is to examine the eect of this modication of
unitarity of V on neutrino oscillations. The subject is not new [6]
2
. Never-
theless, some issues, especially connected with CP-violation eects have not
yet been discussed. CP violation eects in the unitary neutrino oscillations
case are known to be very fragile. If any element of the unitary U matrix
(e.g. U
e3
) is small then the eect of CP violation will be small either. And
in fact, U
e3
(see Eq. 6) is known to be very small if not zero. Besides, the










given by LMA MSW solution and
U
e3
> 0, the CP eects can be detectable [9], but even then it may hap-
pen that matter eects will mimic (or screen) the CP violation [10]. We
show that the nonunitarity of U can be responsible for similar eects. If
CP-violation eects were detected with a strength larger than predicted by
the unitary neutrino mixing approach, then heavy neutrino mixing could be







factors could be found.
In this paper we focus on neutrino oscillations in vacuum.
1
The elements of the V matrix can also be investigated, e.g. in heavy neutrino pro-
duction processes [5].
2
Lately, eects of a non-unitary mixing matrix U have been considered in [7] in a
dierent context where new leptonic interactions have been included.
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2. Neutrino oscillations in the presence of heavy neutrino states
In the standard neutrino oscillation theory of three avours we start





























The form of the matrix U can be obtained using subsequent rotations






















































= 0 (two of the three complex phases do not inuence
the oscillation probability [11]) we obtain the classical parametrization of






































































































Let us now include eects of the matrix V to the matrix U (Eqs. 1,2).
We will do it by introducing three new parameters 
i
, i=1,2,3 which are
connected directly to the elements of the matrix V in the case of the 4 4
matrix Eq. 1.
The general 44 matrix Eq. 1 can be parametrized by 6 rotation angles
















where the rotations take place in the 4 dimensional space spanned by


























0 0 1 0
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in the plane to which the additional fourth neutrino state be-
longs. When the fourth state is much heavier than the light states, the































































) ! U (Eq. 6) and g(
i
) ! 0. U(
i
) is the
desired matrix which we will use in the neutrino oscillation formula instead
of the U matrix in Eq. 3. We will not show the manifest form of U(
i
) as it
is straithorward but space consuming. Our parametrization through (com-
plex)  factors holds in the general case of n heavy states and can be easily















































The very strict constraint, Eq. 11 comes from the lack of the  ! e
decay [4, 6, 15]. Constraints, Eqs. 10,12 are consequences of global ts to
experimental data [4, 6] (e.g. lepton universality, invisible Z decay, CKM










neutrinoless double beta decay [8]. In our approach we do not have to use
any information on the heavy neutrino mass spectrum. We just assume that
the masses are above 100 GeV. The constraint from ()
0
is then fullled.






































































































































































deserves an extra comment. Its appearence is a consequence of the mod-
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and therefore to the last term in Eq. 13.
As discussed in [6], the eects of the normalization factors will be diÆ-
cult to observe in experiments. Here we will focus on the inuence of the
additional neutrino mixing of light neutrinos represented by the 
i
's on the
CP violating eects. The novelty here is the appearance of the third line in
Eq. 13. This term is not very sensitive to 
21
when it is small. Therefore
CP violation can occur even if Æm
2
12
= 0. However, CP violation is now pos-
sible with two neutrino oscillations. In addition, the CP eect with three
neutrino avours, contrary to unitary oscillations, can be substantial even
if one of the elements of the mixing matrix is very small.
3. CP-violating eects in neutrino oscillations
CP violating eects can be seen in appearence experiments. Let us

















































. The same is true in the case of the new Eq. 13
when a nonunitary matrix U is present.

































These values are consistent with CHOOZ [16], the LMA MSW solution
of the solar neutrino problem [17] and the Superkamiokande data [18]. For










which are consistent with Eqs. 10,11,12.
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long-baseline (L=732 km, e.g MINOS) or short-baseline (L=250 km, e.g.
K2K) experiments. The neutrino energies are chosen to be between 2 GeV
and 30 GeV. We can see that the eects of the nonstandard heavy neutrino




In Figs. 3,4 the results are given for genuine CP eects of NS sector
when some of the 
i
's are chosen to be complex and Æ = 0.
Three lessons can be learned from these numerical results. First of all
short baseline experiments are sensitive to the NS sector. Some improve-
ments of the constraints Eqs. 10,11,12 are possible in this case when no
signal for A
CP
is found. Second, the NS eects connected to the complexity
of 
i
can mimic SM eects of Æ. Third, cancellations between the SM and
NS eects can appear.
We would like to nish with a somehow academic example of what more
do 'nonorthogonal' neutrino states mean.















It simply means that the number of emitted neutrinos of the given
avour (e.g. e) will be the same as the number of nal neutrinos of any
type. However, for a nonunitary U this relation is not fulll. Let us see it




























































We can see that the sum can be either larger or smaller than 1. A similar
result holds for a 3 dimensional U.
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L=732 km, pure complex ε1 or ε2
L=250 km, pure complex ε1 or ε2
Fig. 3. The A
CP
(; e) asymmetry generated by the NS sector. The results are for
the parameters Eq. 24 but with Æ = 0. 
1
= 0:001  (1 or i), 
2
= 0:1  (i or 1),

3
= 0:1. This choice is consistent with Eqs. 10-12.













L=732 km, pure complex ε2 or ε3
L=250 km, pure complex ε2 or ε3
Fig. 4. The A
CP
(;  ) asymmetry generated by the NS sector. The results are for
the parameters Eq. 24 but with Æ = 0. 
2 (or 3)




. This choice is
consistent with Eqs. 10-12.
